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1. COUNTING

The main types of objects we count are sequences and sets. For example, there are n* sequences of
length k with entries from [n] := {1,2,...,n}. We use parentheses or round brackets (---) to denote
that the entries of a sequence are ordered and we use curly braces {---} to denote that the elements of
a set are unordered. This section is aimed at how to approach problems involving counting sequences
and counting sets, by presenting two general principles and examples of how to apply them.

a) Multiplication principle

The first extremely useful step-by-step counting principle is for counting sequences:

The Multiplication Principle. The number of sequences (x1, xa, ..., xy) is the product of
the number of choices of each z; for i € [k].

For example, how do we see that there are n! permutations of [n]? Well we do it step-by-step: there
are n choices for the first entry of a permutation, n — 1 choices for the next entry, and so on. By the
multiplication principle, we just multiply these numbers together, so there are n(n—1)(n—2)---2-1 = n!
permutations.

Another example is to count the number of sequences (21, xa, ..., x) where i < x; < 2i for all i € [k].
Clearly there are i+ 1 choices for x;, so the multiplication principle gives us the answer, which is (k+1)!.

One more example is total number of subsets of [n], which is 2". Here we used the multiplication
principle and the fact that for any integer from [n] there are two choices, the number can either be in
the set or not. It is extremely important to realize that the multiplication principle does not work for
counting sets, in general.

b) Unordering principle

Okay, but then how would we count sets? This leads into our second principle: if we count N

sequences (x1,Zsa,...,x;) and we know that none of the x;’s are the same, then the number of sets
{z1,29,..., 21} is just %

The Unordering Principle. If there are N sequences (z1,a,...,2x) where none of the

x;’s are equal, then there are % sets {x1,%2,..., Tk}

In other words, we divide by k! to “get rid of the order”. A good tip, therefore, when counting sets
is to first count sequences and then divide by the appropriate factorial using the unordering principle.
We stress that none of the x;’s can be equal when we apply the unordering principle. The fundamental
example in applying the unordering principle is to count sets of size k in [n] and the answer is (Z) Let’s
do it: first we count permutations (z1, za, ..., xy) of length k with entries from [n]: by the multiplication
principle there are n(n — 1)(n — 2)--- (n — k + 1) such permutations (check this). By the unordering
principle, to get the number of sets of size k in [n], we just divide the number of permutations of length
k by k! to get

nn—1)(n—-2)---(n—k+1) (n
k! k)
In particular we have the following.

e The number of permutation of n distinguishable objects or the number of ways to arrange n
distinguishable objects is n! (by Multiplication principle).

e The number of permutation of length & from n distinguishable objects or the number of ways
to arrange k objects out of n distinguishable objects is n(n —1)(n—2)---(n—k+1) = (n); (by
Multiplication principle). The symbol (n)y is called falling factorial or Pochhammer symbol.

e The number of sets of size k in [n] or number of ways to choose a collection of k objects from n
distinguishable objects is (}) = ﬁlk),

1.1. Counting with distinguishable objects. Suppose that we have n distinguishable objects marked
by numbers from [n] and we want to fill k£ places with them. Each place can contain exactly one object.
If no repetition is allowed for any object, when order matters the total number of configurations is (n)
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4= = (1), by the unordering

and when the order doesn’t matter the total number of configurations is
principle.

If we allow repetition, the number of configurations in the above scenario when order matters is n
(using the multiplication principle, each place can contain exactly one object in n ways). Let us now
find the number of ways to choose k objects from the given n distinguishable objects when the order
does not matter and repetition is allowed. We cannot use the unordering principle here as there can be
repetition in the chosen k objects. What we need is how many times the first object appears, how many
times the second object appears and so on to know the collection of k£ objects when the order does not
matter and repetition is allowed.

Let p; > 0,7 > 1 be the number of times object ¢ appear, so that we have > ; p; = k. So we need
to find number of ways to write k as sum of n non-negative numbers. We can do this by noticing that
if we take k balls and (n — 1) bars |, and consider all possible permutation of the balls and bars. The
(n — 1) bars (|’s) will divide the balls into k£ many piles, the first pile being all balls before the first |,
the second pile being all balls between the first and second |, and so on, the last pile being all balls after
the last |. The number of all such permutation is % = ("*771). Thus we get the following table
counting number of ways to fill £ places with n distinguishable objects.

k

No Repetition | Repetition allowed

Order matters (n)g nk

Order does not matter (2) (n—H;j_l)

TABLE 1. Filling k places with n distinguishable objects, each place contains exactly one object.

1.2. Partition of a set. A partition of [n] is an unordered collection {41, As, ..., Ax} of non-empty
disjoint sets whose union is [n] and such that no two of the sets A;’s intersect. The sets A; are called
the parts or blocks of the partition. We will use P[’jl ) to denote the set of partitions of the set [n] into k
blocks and Pp,; = Ui_; 73[’; | to denote the set of all partitions of [n].

It is convenient to write 23 instead of the set {2,3}, otherwise the notation gets a bit ugly. So for
example, {1,23} is a partition of [3]. An ordered partition of [n] is an ordering of the sets in a partition
of [n]. For example, we count (1,23) and (23, 1) as different ordered partitions of 3], even though {1, 23}
is the same (unordered) partition as {23,1}. For us partition always means unordered partition unless
explicitly mentioned.

How many ordered partitions of [n] have their i-th part of size n; for ¢ € [k]? The answer is the
multinomial coefficient

(n)(n—m) (n—nl—ng—---—nkl) n! ( n )
Us ) ng nl'ng'nk' ny,na,...,Ng

This follows from the multiplication principle, since the product on the right represents the number of
choices for the first part of the partition, then the second part, the third, and so on. But what about
unordered partitions of [n] into parts of sizes ny,ng,...,n;? This problem is not easy — in general we
can’t just divide the number of ordered partitions by k!. In the particular case ny = ny = -+ =ng =
n/k =: m, we can apply the unordering principle to get the answer

nl
k! mlk
since any ordering of the parts of the partition gives an ordered partition with all parts of size m = n/k.
In the case where all the parts have different sizes — all n;’s are different — the number of unordered
partitions is the same as the number of ordered partitions.

Let us consider the problem of filling & places with n distinguishable objects, but now each place can
contain more than one object (with at least one object in each place) and no repetition is allowed. If we
number the objects using {1,2,...,n} = [n], each place contains a set of objects and gives a partition of
[n] into k non-empty blocks. Thus if order matters the number of ways to fill is the number of ordered
partition of [n] into k non-empty blocks and if order doesn’t matter the answer is number of partitions
of [n] into k non-empty blocks. We use S(n, k) to denote number of (unordered) partitions of [n] into
k non-empty blocks. The numbers S(n, k) = |P[’§L]\ are known as Stirling numbers of second kind and

will be discussed in detail in Section 2.1. The number B(n) = |Pp,j| = >_;_; S(n, k) is known as Bell
number.
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1.3. Composition of an integer. A composition of an integer n with k parts is a sequence (z1, 2, . .., Z)
of positive integers such that z; +xo + -+ xx = n. Let C,’f denote the set of compositions of n into &
parts and C, = U;_; CF denote the set of all compositions of n.

The z;’s are called the parts of the composition. To count these compositions, it seems at first we
should just apply the multiplication principle: count the number of choices for z;, and then the number
of choices for x5, and so on, and then multiply all these together. But there’s a catch: once we’ve picked
1, the number of choices of zo depends on what z; was picked! We have to find a different strategy.
This is the third and perhaps trickiest principle: reduce the problem to a different counting problem
to which we know the answer. We reduce this problem to counting sets of size k in [n], to which the
answer is |[CF| = (2:}) We do that by noticing that if we cut [n] into k intervals, then the lengths of
the intervals are exactly the x;’s. So how many ways can we cut [n] into k intervals? Well we have to
choose k — 1 places to cut [n] and there are n — 1 possible places between numbers where cuts can be
made. This validates our answer. We also mention that, when x;’s are allowed to be zero, instead of
composition one will get a weak composition.

From here it follows that the number of ways to put n indistinguishable objects into k places where
none of the places is empty and ordering matters is (Zj) We haven’t said anything about counting
sets {x1,xa,,..., 2z} such that x; + x5 + - - - + x; = n. This is with good reason: we cannot apply the
unordering principle, so we get into the same problems as when we try to count unordered partitions.
We discuss this in the next Section.

1.4. Integer partition. A partition of a positive integer n, also called an integer partition, is a way
of writing n as a sum of positive integers. Two sums that differ only in the order of their summands
are considered the same partition. If order matters, the sum becomes a composition. Let P be the
number of integer partitions of n into k parts. Thus

k
Phi={(m)y [m =ny > 20 >1,) ni=n}.
i=1
The set Py, := J;_, PF of all partitions of n can be written as
(o)
P = {(ni)32) [m >na >+ 20, ni =n}.
i=1

Note that we can also write an integer partition of n as (m;)}_; where m; is the number of times j
appears in the integer partition and > 7, jm; = n. Clearly 3.7, m; is the number of parts in the
integer partition.

Let P(n, k) := |P¥| be the number of integer partitions of n into k parts. It is easy to see that the
number of ways to put n indistinguishable objects into k places where none of the places is empty and
ordering does not matter is P(n,k). However, in this course we will not discuss much about P(n,k)
and its properties.

Combining we get the following table counting number of ways to fill k¥ places with all of n objects
where each place can contain more than one object and at least one object.

distinguishable objects | indistinguishable objects

Order matters k!'S(n, k) (Z:i)
Order does'nt matter S(n, k) P(n,k)

TABLE 2. Filling k places with all of n objects, each place contains one or more object.

2. EXPONENTIAL GENERATING FUNCTION
The exponential generating function associated with the weight sequence w = (wy,)n>1 is defined

as the formal power series
o0 :Cn
gw(x) = § wnil
n!
n=0

We also define, the generating function associated with the weight sequence w = (wy,)n>1 as the
formal power series

fw(x) = Z wpx".
n=0
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Generally we will have wg = 0 and thus the sum will start from n = 1. Notation such as
cn = [2"]f ()

¢p, is the coefficient of 2™ in f(z)”, meaning

o0
x) = Z cnx”
n=0

where the power series might be convergent in some neighborhood of 0, or regarded as formally. Note
that e.g.

[

should be read as

H f(z) = nla”) (x).

n!

2.1. Stirling numbers of second kind S(n, k).
Definition 2.1. Let
S(n, k) = number of ways to partition [n] into k non-empty blocks.
The numbers S(n, k) is called Stirling numbers of second kind and is also written as {7 }.

It is easy to see that S(n,0) = 0 and S(n,1) = 1 for every n > 1, as there is exactly one partition
with one block, namely the set itself.

Let us now try to find S(n,2). Note that 2!.S(n,2) is the number of ordered partition of [n] into 2
non-empty blocks. In an ordered partition with 2 blocks, the first block can be any subset of [n] except
() and [n], and the second block is the complement of the first block. Number of subsets of [n] is 2", by
the multiplication principle (for each number in [n] there are two options, either it is in the set or it is
not). Thus

218(n,2) =2" —2or S(n,2) =2""* — 1 forn > 1.
How to find S(n, k) for general k7 First we claim that the following relation is true.

Lemma 2.2. For everyn =1 and k > 1 we have
S(n,k)=8Sn—1,k—=1)+k-S(n—1,k).

Proof. Recall that, S(n,k) is the number of ways to partition [n] into & non-empty blocks. Let us
count the same number in a different way depending on whether {n} is a block of the partition or not.
If the set {n} is a block of the partition, the number of choices for the remaining (k — 1) blocks are
S(n — 1,k — 1) = number of partitions of [n — 1] into (k — 1) non-empty blocks. If {n} is NOT a block
of the partition, we can choose a partition of [n — 1] into k non-empty blocks and put n in one of the k
blocks to get a partition of n in k- S(n — 1, k) ways. Thus we have

S(n,k)=8Sn—-1,k—1)+k-S(n—1,k). [ ]

We will use this relation to find an exact formula S (n k) in the next section. Let

ank ank

be the exponential generating function assomated with the Stlrhng numbers of second kind S(n, k),n > 1
for fixed k£ > 1. Using the relation S(n kE)=Sn—-1,k—1)+k-S(n—1,k) we have

0o _
xnl

ZSnk Z(S(n—l k—1)+k~5(n—1a/€))m

n=1
0 33"_1 > T

( )+ kgi(z )-

We claim the following.
Lemma 2.3. We have

In particular,
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Proof. We have already proved that

91(2) = gp-1(z) + kgr(z) (1)
for all £ > 1. We use induction to prove the result from here. For k = 1, it is easy to see that

o0 l‘n
— _— m_
gl(m)_zl'n!_e L.
n=1

Thus the lemma is true for £ = 1. Assume that

1
(@) = ——(e" —1)F L
Using (1) and multiplying both sides by e~** we have
1
/ _ T k—1
shla) ~ koule) = Gy (e” = 1)

—kx —x
—kzx /I € T k—1 __ € _ —xz\k—1
or (e gu(@)) = i (" = ' = e
Integrating both sides and noting that g;(0) = 0 we have

_ 1
ekx

_ 1
gr(z) = E(l —e )% or gp(x) = H(e:‘C L
For the proof of the second part, note that

S(n, k) = [i;] gk (x) ﬁ l(ew — 1)’C

n! | k!

_ﬁ— 1 : (k> zx(_l)k—z
n! | k! i

L =0

_xn &

3. BELL POLYNOMIALS
Given the sequence wo = (w1, wa,

.) the (n, k)-th partial Bell Polynomial By, (W,) is defined as

k
Bn,k(wi) = Z Hw|A1|

{A1 ,A2,-~~7Ak}€7)[’2l] i=1

blocks. Note that B, ;(w,) depends only on wy, ws,

where |A| is the number of elements in the set A and the sum is over 73[’; | = all partitions of [n] into k
bigger than n — k + 1. It is easy to see that

.y Wn—k+1 as the largest block size can never be

Bpi(we) =wy forn>1
as ’P[ln] consists only of {[n]}. We also have (exercise)

By a(wa) ZEZIU/Q (?)wiwn i if n is odd
We) = n n n . .

" Zzﬁ () wiw,—; — %(n/2)w721/2 if n is even.

Note that for the sequence 1, = (1,1,...), we have

B k(1s) = [Ply] = S(n, k).

We can write B,, (W, ) in an alternate form using compositions of n into k parts.

Lemma 3.1. Let C* denote the set of all compositions of n into k parts. We have

k
Buw =" Y Y

(n1,na,...,np)ECk =1
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Proof. Note that we can write

k
By k(W) := % Z Hw|Ai|

T (A1, As,. L Ay) =1

where the sum is over all ordered partitions of [r] into k blocks. Given an ordered partition (Aj, A, ..., Ag)
of [n] into k blocks, the sequence (|A1],|As|,...,|Ax|) gives a composition of n into k parts. However,
number of ordered partitions of [n] giving the same composition (ni,ng,...,nx) is (see Section 1.2)
n!
nilnal - ng!’
Thus

1 n! W,
Burlwa) =g 2 o nk,H Y I

(n1,n2,...,ng)ECE (n1,n2,...,n)€Ck =1

From Lemma 3.1 it follows that for the sequence o! = (1!,2!,3!,...) we have

n! n!fn—1
B k(o) = y|c,’§| - M(}f - 1).

This numbers B,, 1 (o!) are also known as unsigned Lah numbers in the literature. From Lemma 3.1 we
also obtain the following important result.

Lemma 3.2. Let
oo xn
x) = Z Wno
n=1

be the exponential generating function associated with the sequence we = (w1, ws,...). Then we have

n k

ik

= Bn,k(“’o)

Proof. 1t is easy to see that

f= T = z™ ) "2 . e
g(x)" =g(x)-g(z)---g(x) = n1 nQan>1wn1 nq! Wny 5! Wny, ng!
Thus
.fni| k n k Wp, Wny Wn,,
{7 g(l’) = n'[x ]g(:p) =n! . o
n! ("1’"2§Lk-,)ec§ ny!  no! ng!
k

Thus by Lemma 3.1 we have

n

IRl SN b LA

(n1,n2,...,nk)€CE =1 !

Lemma 3.3. Given a sequence of non-negative integers (m;)j_, with Z;-L:l Jjm; =n and Z?:l m; =k

the coefficient of wi™ wy™? - - wl' in By, k(We) is

n!
L5, (Gh)™ - my!

Proof. Given a composition (n1,na,...,n) of n into k parts, we define its skeleton as k; = number of
n;’s that are equal to j, for j = 1,2,...,n. Note that the resulting skeleton sequence (k;j)?:l satisfies

i ki =m0 ki =k

mq mao My j—
Wit wy™ - wp'™ | By k(W) =
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Given a sequence of non-negative integers (m;)j_; with Z;’:l jm; = n and Z;-L:l m; = k, how many
compositions of n with k parts are there with skeleton (m;)?_;. The answer is (exercise)

k!
mylma! - my!
Also each composition having skeleton (m;)_; contributes

n my
! H i
! iNym;
s Ghm

in Spk((,w)) by Lemma 3.1. Thus the coefficient of wi"* w3 - - - wi™ in B, (We) is

3

o

k! n!

n! ﬁ 1
B j=1 (GH™ malmol-- m,! [Ls: (Y™ - myt

3.1. Moments and Cumulants. Given a random variable X and an integer n > 1, its n-th moment
is defined as

pn =E(X™)

when it exists. Let
oo tn
X
() = 1+ o = B(eX)
n=1
be the moment generating function of X, if it exists.

Definition 3.4. The n-th cumulant
tn
K 1= [n'] log mx (t)

of X is defined as the coefficient of tn—n, inlogmx (t) forn > 1.

Example 3.5. Let X ~N(u,0?), normal distribution with mean ju and variance o®. The moment

generating function of X is mx (t) = exp(ut+02t?/2) withlogmx (t) = ut+o*t2/2. Thus the cumulants
are ky = fi, kg = 0%, kg = kg = -+ = 0.

Example 3.6. Let X ~Poisson()), Poisson distribution with mean A. The moment generating function
of X is mx (t) = exp(A(e' —1)) withlogmx (t) = AMe! —1) = A>"07 | L. Thus the cumulants are ki, = X
forn > 1.

In general it is not easy to find the values of k,, directly as we first have to calculate the moment
generating function and then expand its logarithm in a power series. However, the following result
shows how to find cumulants in terms of the moments.

Lemma 3.7. Let p1e = (ftn)n>1 be the moments of a random variable X. Then its n-th cumulant Ky, is
given by

n

o= S (-1 (k= 1)1By(p):

k=1

Proof. Note that
tn
K 1= [n'] log mx (t)

where mx (t) = 14 g(t) and g(t) is the exponential generating function associated with the sequence
He = (/Jn)n>1. Thus

o= |y o8+ 0 = [ ] :1<1>’“g<,?k - gm’“(k -4 o

n! n!
1

By Lemma 3.2 the proof follows. ]
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4. COMPOSITE STRUCTURES

Let vo := (v1,v2,...) and we := (w1, ws,...) be two sequences of non-negative integers. Let V be
some species of combinatorial structures, so for each finite set F;, on nobjects there is some construction
of a set V(F,) of V-structures on F,, such that the number of V-structures on a set of n objects is
|V(F,)| = v,. For instance, V(F,,) might be F,, x F,,, or permutations from F, to F,, or functions
from F,, to F),, or all graphs on F,, corresponding to the sequences v,, = n2, or n!, or n™, or 2"(n=1/2
respectively.

Let W be another species of combinatorial structures, such that the number of W-structures on a
set of j objects is w;. Let (V o W)(F},) denote the composite structure on F,, defined as the set of all
ways to partition F), into blocks {A1,..., Ax} for some 1 < k < n, assign this collection of blocks a V-
structure, and assign each block A; a W-structure. Then for each set F,, with n elements, the number
of such composite structures is evidently

n

k n
|(VOW)(Fn)|:ZUk Z Hw‘Ai‘ :ZUan,k(Wo)~
k=1

k=1 {A;, Az, Ag}eP), i=1
We define
n
B, (Ve,W,) := kaBnyk(w.).
k=1

Thus we have the following result.

v(x) = Zvn%r:,w(x) = an%

n>1 n>1

Lemma 4.1. Let

be the exponential generating functions associated with the sequences vo = (v1,v2,...) and we :=
(wy,wa,...), respectively. Then we have

[ wow)@) = Buve,wa).

Proof. The proof follows from the fact that
o)
(wouw)x) =Y u
k=1

and Lemma 3.2. [

w(z)*
k!

Example 4.2 (Partitions). Let V be the trivial structure, namely the set itself. Thus vy = 1. It is
easy to see that v(x) = e® — 1 and thus v(v(z)) = e~ — 1. The composite structure (V o V)([n]) is a
partition of [n] with any number of parts. Moreover, |(V o V')([n])|, total number of partitions of [n] is

[‘%] (66171 —1).

Example 4.3 (Permutations). Let V' be the trivial structure, namely the set itself and W be the cycle
structure, namely given n objects V' gives the set itself and W gives a cyclic permutation of the n objects.
Thus vy, = 1 and w,, = (n — 1)!. It is easy to see that v(z) = e® —1 and w(y) = > o (n — D)ly™/n! =

n=1

Sy /n = —log(l —y). Thus v(w(z)) = e 108072 — 1 = 2 =3 3" [n particular, we have

i
(VoW)([n]) = Bn(ve, We) = nl, which is the number of permutations on [n]. In fact, one can check
that the composite structure (V o W) is indeed the permutation structure.

Example 4.4. Let Vbe the permutation structure. Thus vy = k! and v(z) = Y oo zF = /(1 — z).
Moreover, v(v(z)) = v(z)/(1 —v(z)) = 2= =520 2" 1a™. Thus |(V o V)([n])| = 2" nl. The

1—z 12z n=1
same result can be obtained, by noting that the (V o V') composite structure on [n] is nothing but taking

I3

a permutation of [n] in n! ways and in between two consecutive elements either put a *,’ or no ‘’ in
21 ways.

5. RANDOM SUMS

Let X, X4, X5,... be independent and identically distributed nonnegative integer valued random
variables with probability generating function

Gx(2) =E(z¥) =Y P(X =n)2",

n=0
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Let K be another non-negative integer valued random variable independent of X1, Xo, ... with probability
generating function Gg. Let
Sk =X1+Xo+ -+ Xk.
By conditioning on K, the probability generating function of Sk is found to be the composition of G
and Gx:
Gsy (2) = Gr(Gx(2)).

Comparison of this formula with the compositional formula given in Lemma 4.1 for B,,(v,, W,) in terms
of the exponential generating functions v(z) = >, 5, v,2"/n! and w(§) = 3, 5, w,€"/n! suggests the
following construction (It is convenient here to allow vy to be non-zero, which makes no difference in
Lemma 4.1).

Let P¢ v, w, be a probability distribution which makes X; independent and identically distributed
with the power series distribution

wnp&"
P X=n)= f =12,...
f,v.,w.( TL) TL'U)(E) or n ) <y
so that (=6)
w(z€
=
and K independent of X;’s with the power series distribution
vpw(€)
Pevowe K =k)=—2<fork=1,2,...
e 0= = ()
so that (y(©)
v(yw(§
Gk(y) =
W)= o)

Let S = X1+ Xo+ -+ + Xk. Then we have

Pevewe (Sx =n) = [2"](GK o Gx)(2) = [2"] = Bn(Ve, W)

or

!
Bn(V.,W.) = n-v(g:l(f))lpﬁyvhwo (SK = n)
This gives a probabilistic interpretation of B,,(ve, W,). In general one can choose ¢ so that E(Sk) =
E(K)E(X) = n and use local limit theorem for P¢ y, w, (Sx = n) to obtain good estimate for By, (ve, Wa).

6. GIBBS PARTITION

Suppose that (VoW)([n]) is the set of all (V oW') composite structures built over the set [n], for some
species of combinatorial structures V and W. Let a composite structure be picked uniformly at random
from (V o W)([n]), and let II,, denote the random partition of [n] generated by blocks of this random
composite structure. Recall that v; and w; denote the number of V- and W- structures respectively on
a set of j objects. Then for each particular partition {A;, As, ..., A} of [n] it is clear that

P(I, = {A1, Az, ..., Ax}) = p(|A1], [Azl, ... [Ak|; ve, W) (2)

where for each composition (n1,ns,...,nk) of n we have

(N1, Mo, . N Ve, We) =
with the normalizing constant

n
Bn(Vn Wo) = Z Uan,k(Vu Wo)
k=1
assumed to be strictly positive. More generally, given two non-negative sequences ve := (v1, v2,...) and
We := (w1, w,...), call II,, a Gibbs,|(ve, W,) partition if the distribution of II,, on P, is given by (2).
Note that we have the following redundancy in the parameterization of Gibbs,(ve, W,) partitions:
for arbitrary positive constants a, b and c,

GlbbS[n] (\7., W.) = GlbbS[n] (V.7 W.)

where Vo = (ab™'v1,ab™ vy, ab3v3,...) and We = (bcwy, bc?ws, bcdws, . . ).
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6.1. The block sizes in exchangeable order. The following theorem provides a fundamental repre-
sentation of Gibbs partitions.

Theorem 6.1 (Kolchin’s representation of Gibbs partitions). Let (Ny5, Ny5%, ..., st\ﬂnl) be the ran-

n,1>+ " n,2»
dom composition of n defined by putting the block sizes of a Gibbsj,)(Ve, We) partition II,, in an ex-
changeable random order, meaning that given k blocks, the order of the blocks is randomized by a uniform
random permutation of [k]. Then

( s N,y ﬁﬁnn|) 4 (X1, Xa,..., Xi) under Pe y, w, given X1 +Xo+ -+ Xg =n

where P¢ v, w, governs independent and identically distributed random variables X1, X, ... with E(z%1) =
w(z€)/w(€) and K is independent of these variables with E(y*) = v(yw(€))/v(w(€)).

Proof. Note that we have for any composition (ny,ns,...,nx) of n,

Pevewe (X1 =11, Xo =gy, Xi = 1k, K = k) = Pe vy wa (K = k) [ [ Pevawa (X = 11)

k k
_ (€ wn e utr_
klv(w()) paley ni!w(f) klv(w Pl
and en
Pev,we(Sxk =n) = ———<B,(Ve, W,).
EVe, -( K n) n'v(w(ﬁ)) n(V w )
Thus
]PE,V.,W.((Xl,XQ, e ,XK) = (77,1,77,2, e 77’Lk) ‘ SK = 7’L)
_ Pt vewe (X1, X2,..., XK) = (n1,n2,...,n)) _ ﬁ
]P)€7V07Wo (SK = n) BTL(V.7WO —1
Now Lemma 3.1 can be interpreted probabilistically to show that
ex ex ex 1 n' wni
]P)((Nn 1 N2y n,\nn\) = (n1,n2,...,nk)) = m ‘ngil;[l ;!
for all compositions (ni,na,...,nk) of n. Thus the two distributions are same. |

Note that for fixed v, and w,, the P¢ v, w, distribution of the random integer composition (X, X»,

., Xk ) depends on the parameter £, but the P¢, w, conditional distribution of (X1, Xs,..., Xk)
given S = n does not. In statistical terms, with v, and w, regarded as fixed and known, the sum
Sk is a sufficient statistic for £&. Note also that for any fixed n, the distribution of II,, depends only
on the weights v; and w; for j < n, so the condition v(w(§)) < oo can always be arranged by setting
v; =wj =0 for j > n.

Example 6.2 (Random partitions). Take vy, = wy, = 1, so that v(x) = w(z) = e* — 1. Let X have
distribution en

K have distribution c .
g7 k>
Kl(eef=1 —1)
and X1,Xo,... be i.i.d. copies of X independent of K. Then the block sizes of a uniform random
partition of [n] (ordered in an exchangeable way using random ordering) has distribution
(Xl,XQ,...,XK) given X1+ Xo+ -+ Xg =n.

00 n e & —
Note that E(X) = 300 n - orfemqy = w657 = e, E(K) = ~“7Lc and E(Sk) = E(X)E(K) =
1_315. Thus if we choose & = logn — loglogn, we have E(Sk) ~ n, E(K) ~ n/logn and E(X) =
logn —loglogn. This suggests that in a uniform random permutation we have typically n/logn many
blocks and the average block size is logn — loglogn.

P(K = k) =




ST329: EXERCISE SHEET 1

(1) Give a combinatorial proof of the identity

2(67)=00)

Hint: Consider n red balls and m white balls and count number of ways to choose k balls from them
without repetition.

(2) Give a combinatorial proof of the identity
S(n,k)=kS(n—1,k)+S(n—1,k—1)

where S(n, k) is the Stirling number of second kind.
Hint: See the notes.

(3) Give a combinatorial proof of the identity
" = Z S(n, k)(x)g
k=0

where S(n, k) is the Stirling number of second kind and (z), = z(x — 1)(x — 2)---(z — k + 1) is the
falling factorial.

Hint: Use the fact that for an integer x, ™ is the number of ways to arrange x distinguishable objects
into n ordered places with repetition of objects allowed.

(4) Let g1(x) = e® —1. Let gix(x), k > 1 be differentiable functions such that g5 (0) = 0 and the following
holds:
91 (@) = kgr(x) + gr—1(2)
for all , k. Show by induction that .
gela) = (e~ 1)
for all k.

Hint: Clearly g; is of the given form. If g;_1(x) is given by the above formula, show that gx(x) is also
given by the above formula. Use the fact that (e %% gy (z))" = e7**(g} (z) — kgr(z)).

(5) Show that the number of weak composition of n into k parts is ("Zf;l) and number of composition

of n into k parts is (Z:i) Use this result to give a combinatorial proof of the identity

Zk:(n—1> <k> B (n+k—1>
—\i—1)\i k-1
Hint: Consider the places with 0 in the weak compositions.

(6) Let F),, be the number of compositions of the integer n such that all the terms are odd.
(a) Show that Fy =1, F, = 1 and F,, satisfies F,, = F},_1 + F,,_o for all n > 3.
(b) Let f(z) =3_,5, Frna" be the generating function of the sequence F,,n > 1. Show that

f@) =a+af(x)+a*f(z)
using the relation in (a).

(c) Show that f(x) = —"=. The sequence (F,,n > 1) is known as Fibonacci sequence.



ST329: EXERCISE SHEET 2

(1) Let (p1,p2,...) be a sequence of numbers such that >, , p; = k and 5, ip; = n. Show that the
number of partitions of the set [n] = {1,2,...,n} into k blocks such that there are p; many blocks of
size i for i > 1, is

n!

1. (GPip;!t

=

(2) Prove that
Z(”Il)ﬂ (M wiwn—; if n is odd

i= i
Z?ﬁ (?) WiWn—i — %(7:}2) wi/2 if n is even.

Bn,Q(Wo) = {

Hint: Done in the class.

(3) Show that the number of graphs on [n] is 2(3).
Hint: Done in the class.

(4) Let W be the connected graph structure and let w,, be the number of connected graphs on [n]. Let
V be the trivial structure with v, = 1. Show that (V o W)([n]) is the graph structure on [n]. Moreover,
using the theory about composite structures show that

wn = |7 o (14 22209 57).
k=1
Hint: Done in the class.

(5) Let V be the trivial structure and let W be the cycle structure, so that (VoW) composite structure is
the permutation structure. Using this connection find the distribution of the cycle lengths in a uniform
random permutation. Give a heuristic behind the statement that there are roughly logn many cycles
in a uniform random permutation, similar to Example 6.2.

et ve = (1,1,1,...) and wg = (wy,w2,...). Let 1I,, be a Gibbs,1(ve, We) partition. Let |1I,|; be
6) L 1,1,1 d Let IT,, b Gibb [n] iti Let [II,|; b
the number of blocks of II,, of size j. Show that,

()7, £ ((May_l

j=1

where the M; are independent Poisson variables with parameters w]fj /4! for arbitrary & > 0.

Hint: Given a sequence of integers m;,j = 1,2,...,n with Zj>1jmj = n, show that P(|I,|; =
mj,j =1,2,...,n) is same as P(M; = m;,j = 1,2,...,n| }_7_, jM; = n). For the first probability use
Lemma 3.3 and for the second one use Bayes’ rule for conditional probability and independence of Mj’s.



SPECIMEN EXAM QUESTION

(1) Combinatorial Stochastic Process.

(a) Show that the number of weak composition of n into k parts is (";gf;l) and number of compo-

sition of n into k parts is (Z:%)

[4 marks]
(b) Use the result in (a) to give a combinatorial proof of the identity
" in—1\ [k _(n+k-1
2 (o)) - ()
[2 marks]

(c) Let (p1,p2,...) be a sequence of numbers such that 3,5, p; = k and 3., ip; = n. Show that
the number of partitions of the set [n] = {1,2,...,n} into k blocks such that there are p; many
blocks of size i for i > 1, is |

n!
Hj)l(j!)pjpj!.
[5 marks]

(d) Let ve = (v1,v2,...) and we = (w1, ws,...). Let II, be a Gibbs,)(ve, W, ) random partition and
{A1, As, ..., A} be a fixed partition of [n]. Find the probability that II,, = {41, A, ..., Ax}.

[1 mark]

(e) Assume that v = (1,1,1,...) and we = (w1, ws,...) is arbitrary. Let II,, be a Gibbs,(Ve, W)

partition. Let |II,|; be the number of blocks of II,, of size j. Show that,

j=1

where the M; are independent Poisson variables with parameters w;&7 /4! for arbitrary £ > 0.
[8 marks]

(L, |)7, £ ((M»?_l



SOLUTIONS TO EXERCISE SHEET 1

(1) We consider (n + m) many balls out of which n are red balls and m are white balls. Number of
ways to choose k balls (the order does not matter) from them without repetition is ("zm) We can also
count this number in the following way: first fix ¢ from {0, 1,...,k}, choose i red balls and (k —¢) white
balls. Number of ways to choose i red balls from n balls is (7}) and number of ways to choose (k — )
white balls from m balls is (,!7_11) By multiplication principle the total number for the second way of
counting is Zf:o (M) (,™,)- Thus we have

RO

7

(2) See Lemma 2.2.

(3) Fix an integer x. The number of ways to arrange x distinguishable objects into n ordered places with
repetition of objects allowed is 2. We can also count the number in the following way: We name the
places by 1,2,...,n. We fix an integer k from [n]; choose k ordered objects from & many distinguishable
objects without repetition and a partition of [n] into k& blocks. Order the blocks according to the smallest
number in the blocks (for example for the partition {14,5,23} the first block is 13, second block is 23
and third block is 5). Now put the first chosen object in the places given in the first block, second
chosen object in the places given in the second block and so on. Number of ways to choose k ordered
objects from = many distinguishable objects without repetition is (x); and number of partitions of [n]
into k blocks is S(n, k). Thus we have 2 = >"}'_; S(n, k)(x).

(4) We consider n indistinguishable balls and (k — 1) indistinguishable bars. Number of ways to arrange
them in order is ("‘}:zl). Each arrangement gives a weak composition of n in the following way. Let the
number of balls before the first bar be 21, number of balls between the first and second bar be x5 and so
on, number of balls after the (k— 1)-th bar be xy. Clearly (z1, 2, ..., %) gives a weak composition of n
into k parts and any such weak composition arises in this way. Thus the number of weak compositions
of n into k parts is ("‘}i;l) To count the number of composition of n into k£ parts, we notice that we
have to choose (k — 1) gaps out of the (n — 1) gaps between the n balls.

To prove the given identity, we count number of weak compositions of of n into k parts in a different
way. If we ignore all the zeros from the weak composition, we will get a composition of n but likely to
be with less than k parts. So we can first choose ¢ (number of parts if we ignore all the zeroes in the
weak composition) from [k], a composition of n into ¢ blocks and (k — i) places out of k places where
we will put the zeroes in the weak composition. For example, for n = 5,k = 3, choosing ¢ = 2, the
composition (3,2) of n into i parts and k—i = 1 places {2} gives the weak composition (3,0,2). Number

of compositions of n into i blocks is (?:11) and number ways to choose (k — ) places out of k places is

(,.7,) = (%). By multiplication principle and summing, we have the number of weak compositions of n

into k parts is
k (n . 1) (k>
Z. i—1/\i/)"
i=1

(5) (a) Let us call a composition with all the terms being odd an “odd composition”. Consider an
odd composition of the integer n. If the composition contains 1, then after removing 1 we obtain an
odd composition of (n — 1). If the composition does not contain 1, then all the terms are bigger than
or equal to 3 and thus after subtracting 2 from the smallest term in the composition we obtain an
odd composition of (n — 2). Similarly, given an odd composition of (n — 1), by attaching 1 to the
composition we can construct an odd composition of n and given an odd composition of (n — 2), by
adding 2 to the smallest term of the composition we can construct an odd composition of n. Thus
we have F,, = F,_1 + F,_o. Obviously F; = F, =1 as 1 =1 and 2 = 1 4+ 1 each has only one odd
composition. (b) we have f(z) = >, -, Foa" = Fiz + Foa? + Yonss(Fa1 + Frog)a™ = o + % +
T 53 Fp_qa" ! 4 22 D3 F 02" 2 =2+ af(x) + 22 f(x). (c) trivial.



SOLUTIONS TO EXERCISE SHEET 2

(1) Consider the sequence (x1,Z2,...,%) where 1 = -+ = 2, = 1, Tp,41 = ~*+ = Tp4p, = 2,
Tpidpatl = **° = Tp+patps = 3 and so on. Clearly Zle x; = ;51 Jpj = n. By multiplication
principle, number of ways to choose an ordered sequence of blocks so that the i-th block is of size x; for
i=1,2,...,k, is

(n)(n—m)(n—xl—xg) (n—xl—x2—~-—xk1) n! n!
4l T2 T3 Tk Hi>1 x;! Hjjlpj

However, in the partition of [n] the ordering of the blocks does not matter, hence the p; many blocks
of size j, for j > 1 must be unordered to get unique partitions. Thus the number of ways to partition
[n] into k blocks such that the there are p; many blocks of size j for j > 1, is

n!
(2) Done in the class.
(3) Done in the class.
(4) Done in the class.
(5) Similar to Example 6.2.

(6) First of all note that it is enough to show that P(|IL,|; = m;,j =1,2,...,n) =C - P(M; =m;,j =

1,2,...,n| 2?21 jM; = n) for all sequence of integers m;,j = 1,2,...,n for some constant C' that does
not depend on m;,j = 1,2,...,n. Since total probability is 1, C' must automatically be equal to 1.
Note that both the probabilities are zero unless we have > j>1Jmj = n. Now take a sequence of

integers m;,j = 1,2,...,n satisfying Z;-lzl jm; = n. By definition of Gibbs partition, given any
partition {A1, A, ..., Ag} of [n] such that m; of the A;’s have size j for j =1,2,...,n, we have

ve [l wiay T w)”

P(IT,, = {41, Ay, ..., A}) = By (Ve,We)  Bp(Ve,Wa)’

By Question (1), the number of partitions of the set [n] = {1,2,...,n} into k blocks such that there are
m; many blocks of size j for j =1,2,...,n,is

n!
H?zl(j!)mjmj! .

Thus we have

. T, ™ R
P(IL,|; =m;,j =1,2,...,n) = e : .
(1Tl = mj. ") = LG Baverws) ~ Balvarwa) L G

Now, by Bayes’ rule we have
IP)(MJ = mj,j = 1,2,...,71,2?:1ij = n)

IP’(Mj:mj,jzl,Q,...,n)
P(Z?:l JM; =n)

P(M; =mj,j=1,2,...,n| Y jM;=n)=
j=1
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Moreover, by independence of M;’s and definition of Poisson distribution we have

- [T P(M; = m;)
P(M; =mj,j=1,2,...,n] Y jM;=n)= —ter—
S Z ! P(>_j-1M; =n)
— 7 1 ﬁe‘wjﬁj/j!(wjgj/j!)mj
B, 0, =m) LL m;!
gne_ T w;€l /5! f[ mj
P(Z?:l jM ]:1 m7m !
In particular, we have
P(|I,|; =m;,j=1,2,...,n) =C-P(M; =m;,j = TL|ZJM—TL
. - . n! P(Z 1JMJ n) :
for all sequence of integers m;,j =1,2,...,n with C' = Bitvawe) > Ty This completes the
proof.

As a byproduct we obtain that,

Z‘?M 777] B (V.,W.)gn - ] 1wj§j/j!'
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